I. INTRODUCTION

I
N 1950, M. J. Golay introduced complementary pairs in his work on multislit spectrometry [1] . Golay complementary pairs (GCPs) are pair of sequences whose aperiodic autocorrelation sums (AACSs) are zero everywhere, except at the zero shift [2] . Binary GCPs are available only for limited lengths of the form 2 α 10 β 26 γ (where α, β, and γ are non-negative integers) [2] , [3] . In 1972, Tseng and Liu [4] extended the idea of complementary pairs to complementary sets (CSs) of sequences. CSs found a number of applications in communication systems [5] - [10] .
Modern day communication systems, such as orthogonal frequency division multiplexing (OFDM) systems, often suffers from high peak-to-average power ratio (PAPR) problems [6] - [9] . In 1999, Davis and Jedwab [7] proposed 2 h -ary GCPs (h ∈ N) based on generalized Boolean functions (GBFs) to control the high PAPR of OFDM systems. The authors proved that the maximum PAPR of a GCP is upper bounded by 2. Paterson [8] further extended the result to q-ary (for even q) GCPs and proved that the PAPR of CSs can be at most equal to the set size, i.e., the number of sequences in the CS. Since both the constructions were based on GBFs, the constituent sequences in the resultant CSs only have length of the form 2 α . Although the upper bound of PAPR of a CS is not based on the length of the constituent sequences [8] , there are certain practical scenarios where CSs having different lengths other than 2 α can be used efficiently. For example, the number of occupied sub-carriers for 20 MHz bandwidth is 1200 in long term evolution (LTE) systems where a number of sub-carriers at band edges are reserved for guard bands to prevent the adjacent channel interference [11] . Recently, in search of CSs having sequences of length other than 2 α , Chen [11] in 2016 proposed a novel construction of CSs of length
for set size of 4 and length 2 m−1 + 1 for set size 2 k+1 by using truncated GBFs. Extending the idea further, Wang et al. [14] in 2017 proposed a new construction of CSs by GBFs which consists of sequences of length 2 m−1 + 2 v when the set size is 2 k+1 , (k ∈ N). In 2018, Chen [12] proposed some more constructions of CSs with flexible set size and sequence lengths which offers more flexibilities in practical communication systems. Recently, in 2019, Adhikary et al. [15] proposed CSs of set size 4 having sequence lengths M + 1, M + 2 and CSs of set size 8 having sequence lengths 2M + 3, where M is is the length of a complementary pair. The construction in [15] is based on applying insertion method on Golay pairs. For binary cases, the constituent sequences of the resultant CSs in [15] , can sometimes be seen as odd-length binary Z-complementary pairs (OB-ZCPs) [18] , [19] or even-length binary Z-complementary pairs (EB-ZCPs) [20] . Adhikary et al. [15] closed the paper proposing an open problem of constructing CSs of set size 4 having sequences of length 29.
Motivated by the works of Chen [11] , [12] , Wang et al. [14] and Adhikary et al. [15] , we propose a generalized construction of CSs of set size 4 consisting sequences of lengths M + N , by concatenating CSs of set size 4 and lengths M and N , where M and N are lengths for which complementary sequence pairs exists. The proposed construction can easily be extended to a set size of 4n (where n ∈ N). We also propose a new construction of CSs of length M + P and set size 8, by concatenation of two CSs of set size 8 and lengths M and P , where M is a length for which complementary pair exists and P is a length for which a complementary set of set size 4 exists. The construction can be easily extended to a set size of 8n. Up to length L ≤ 34, for 1070-9908 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. [17] . The lengths of the CSs of set size 4 and 8, given in bold in Table I , can not be generated by [11] , [12] , [15] . We partially solve the open problem proposed by Adhikary et al. [15] by constructing CSs of set size 4 having sequence lengths 29, when q = 4. This problem for the binary case is still left open. One important contribution of our work is that our constructions generalises all the previously reported constructions along with generating CSs consisting sequences of new lengths.
The rest of the letter is organised as follows. In Section II, we have defined the aperiodic auto-correlation and insertion function. In Section III, we have proposed constructions of CSs of set size 4 and 8 having different sequences of length. Our proposed constructions are compared with the previous works in Section IV. We conclude our work in Section V.
II. DEFINITIONS AND NOTATIONS
Let us fix the following notations, which will be used throughout the letter. r For the notation [a 0 T , . . . , a n−1 T ] T , it is always assumed that the constituent sequences a 0 , . . . , a n−1 are all of same length.
Then xA means x is multiplied to all the elements of a and b.
The aperiodic cross-correlation function (ACCF) for two length-N q-ary sequences a and b is defined as
When a = b, ρ a,b (τ ) is called aperiodic auto-correlation function (AACF) of a and is denoted as ρ a (τ ) [20] .
III. PROPOSED CONSTRUCTIONS
In this section, we propose two constructions of q-ary CSs. In Theorem 1, we give the constructions of CSs having set size 4. Theorem 2 constructs CSs of set size 8. CSs of set size 4n and 8n can be generated iteratively by vertically concatenating n times.
Theorem 1:
T of lengths M and N , respectively. Let C be as follows
where {x 0 , y 0 , x 1 , y 1 } ∈ U q . Then C is a CS of size 4 and length M + N , if the following condition holds
Proof: Let us denote the constituent sequences of
for M ≤ τ ≤ N − 1 we have,
for N ≤ τ < M + N we have,
By similar calculations we have for 1 ≤ τ ≤ M − 1 we have,
Therefore, for 0 < τ < M + N ,
if and only if
Similarly, we can also prove the theorem for the cases when M = N or M > N. This completes the proof. 
Let x 0 = 1, x 1 = 1, y 0 = 1 and y 1 = −1. Then according to Theorem 1, we have
where 
T is a CS of set size 4 consisting sequences of length 14. Please note that for q = 2, CSs of set size 4, consisting sequences of length 14 have not been reported before. Theorem 2: Consider a q-ary GCP (a, b) of length M , and a q-ary complementary set B of size 4 having constituent sequences of length P . Let C be denoted as follows
where {x 0 , x 1 , x 2 , x 3 , y 0 , y 1 } ∈ U q . Then C is a CS of set size 8 having constituent sequences of length M + P , if the following conditions hold:
Proof:
T , a CS of size 4 and constituent sequences of length P . Also, let p 0 = x 0 a || y 0 e, p 1 = x 0 b || y 0 f , p 2 = x 1 a || y 0 g, p 3 = x 1 b || y 0 h, p 4 = x 2 a || y 1 e, p 5 = x 2 b || y 1 f , p 6 = x 3 a || y 1 g and p 7 = x 3 b || y 1 h. We will prove the theorem assuming M < P . The other cases can be proved similarly.
For M ≤ τ ≤ P − 1, we have
For P ≤ τ < M + P , we have
Eq. (23) is zero when
Eq. (26) is zero when
Similarly, for
This completes the proof. Similarly, we can prove the above theorem for M = P or M > P. 
and
T be a CS of set size 4 consisting sequences of length 5, as follows,
Then according to Theorem 2, we have
T is a CS of set size 8 consisting sequences of length 13. Please note that for q = 2, CSs of set size 8, consisting sequences of length 13 have not been reported before.
IV. COMPARISON WITH THE PREVIOUS WORKS
The proposed construction generalises the previous constructions in terms of the length of the constituent sequences in the CS. The proposed construction also generates CSs with the constituent sequences having new lengths which are not reported before. Table II and Table III contain a detail comparison with the previous works.
V. CONCLUSION
In this letter, we have given new constructions of q-ary CSs of length M + N of size 4, where M and N are lengths of two GCPs. We have also constructed q-ary CSs of length M + P and set size 8, where M is the length of a GCP and P is the length of a constituent sequence of a size 4 CS. Moreover, the CSs can be generated iteratively, and concatenated vertically to increase the set size to 4n or 8n, where n is precisely the number of iterations. The CSs are constructed by concatenating GCPs maintaining certain conditions. Up to length L ≤ 34, for q = 2 and 4, Theorem 1 proposed systematic construction of CSs of set size 4, given in Table I . Recursive application of Theorem 1, Theorem 2, proposed systematic construction of CSs of set size 8, also given in Table I . These constructions partially fulfils the gaps left by the constructions proposed previously by Chen and Adhikary et al.. A possible future research is to construct CSs of other lengths which are not reported till date, like binary CSs of set size 4 and length 29.
